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Abstract
Thin-walled cylindrical shells are commonly used in engineering fields; examples include
civil engineering structures, offshore oil platforms, submarine pipes, and aircraft fuse-
lages. Due to the problem with local buckling, these shells have failure loads significantly
lower than the ones predicted by linear theory. Currently, stringers and ring-stiffeners are
used to strengthen the shells against local buckling. Recent studies by Karam and Gibson
(1995) showed that the shells can also be effectively strengthened using a compliant, elas-
tic core that is made of cellular structures such as foam or honeycomb.
In this thesis, we have used Karam and Gibson's results to perform minimum weight
design of isotropic, elastic, cylindrical shells filled with isotropic, elastic cores under com-
bined axial compression and bending. We have also generated graphs for identification of
radius to wall thickness ratio, a/t, and density of the core to density of the solid the core
is made of ratio, p/p,,, which minimize the weight of the cylinder for a given critical
load.
Thesis Supervisor: Lorna J. Gibson
Title: Professor of Civil and Environmental Engineering
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Notation
a radius to mid-plane of thickness
c core thickness
c curvature of the cylinder in bending
E elastic modulus of the shell
EC elastic modulus of the core
ES elastic modulus of the solid the core is made of
h t/,fl-v2
I moment of inertia
ke spring constant for the compliant core
I length of the shell
m longitudinal wave number
Mib local buckling moment
Nx  uniaxial compression per unit circumferential length
Po axial compressive buckling load of hollow shell
Pcr axial compressive buckling load of shell with compliant core
t thickness of shell
teq equivalent thickness of a hollow shell of equal mass and radius as shell with a
compliant core
u,v,w deformations along x, y, z direction
U strain energy per unit length
Wm maximum sinusoidal displacement in z direction
a Ec/E
(3 - 5ve)
(1 + Vc) (1 - 2vc)
v (5-2vc)
(1 + Vc) (1 - 2vc)
12 (1 - v2)
(1 +vc) (3 - vc)
8 maximum radial displacement due to ovalization
p density of the shell
pc density of the core
p, density of the solid the core is made of
Sovalization = S/a
h buckling wavelength parameter = I/ (mi)
v Poisson's ratio of shell
v, Poisson's ratio of core
F I•+a( _c/t)4)
2 ,a 3 ( ( ct
H 1+-a- 1-- 1
H 1 + a-t 1 tt ( 2a/t)
cPcC citK 1+ P 1 c/t
tp 2a/t)
3 ((c/t)3 + 1 + 12(c/t+ 1/2 - yo/t) 2 + 12a(ct) (yo/t -. 5c/t) 2 1/ 2
1 + a (c/t)
cI c/t 3
t( 2a/t)
Chapter 1
Introduction
Thin-walled cylindrical shells are widespread in engineering structures; examples include
civil engineering structures, offshore oil platforms, submarine pipes, and aircraft fuse-
lages. The ratio of cylinder radius to wall thickness, a/t, for these engineering structures
typically ranges from 10 to 1000. At constant weight, the moment of inertia of the cross
section of the cylinder may be increased by increasing a/t, producing a thin-walled cylin-
drical shell which is susceptible to failure by local buckling. Currently, the shells are
strengthened against local buckling by longitudinal or circumferential stiffeners known as
stringers and ring stiffeners, respectively. Recent analytical results by Karam and Gibson
(1995) suggest that cylindrical shells can also be efficiently strengthened by the use of a
honeycomb or foam core within the shell.
Many investigators have studied the elastic buckling of thin-walled, isotropic cylin-
ders with an elastic core. Seide and Weingarten (1962) neglected shear stresses at the core-
shell interface, used linear theory of elasticity to determine the reaction from the core,
both before and during buckling, and thus determined the external hydrostatic buckling
pressures of circular rings and long cylinders. Herrmann and Forrestal (1965) considered
the tractions at the shell-core interface as additional initial surface pressure, used Armen-
sakas and Herrmann's (1963) linearized theory for an elastic body under initial stress, and
derived the expression for the external hydrostatic buckling pressure of a long, thin, cylin-
drical shell containing an elastic core. They found that for high values of Poisson's ratio of
the core, the initial surface tractions on the inner surface of the shell, which Seide and
Weingarten (1962) had neglected, can be significant, and act like hydrostatic pressure.
Seide (1962) analyzed the stability of finite, simply-supported cylinders with a soft elastic
core under axial compression and lateral pressure by using Batdorf's modified Donnell's
equations with a simplifying assumption that there is no shear stress between the shell and
the core prior to and after buckling, that all the prebuckling axial load is taken by the shell,
and part of the prebuckling pressure is transmitted to the core. He concluded that the criti-
cal stress of axial compression increases with increasing core modulus in the same way as
the critical stress of an unfilled cylinder increases with internal pressure; and that a soft
elastic core gives a larger increase in critical external pressure than in axial load. Yao
(1962) studied axially compressed long cylindrical shell with an elastic core also. He
assumed sinusoidal buckling in both the axial and circumferential directions, and that the
core was stress-free before buckling and requires continuity at the core-shell interface dur-
ing buckling. His results were similar to Seide's (1962). The bending of the cylinder due
to ring loading has being investigated by Yao (1965). The stability of anisotropic cylindri-
cal shells containing elastic cores has been studied by Holston (1967) and Bert (1971).
Even for cylinders without a core, elastic buckling occurs only in cylinders whose
radius to thickness ratio is in the same order of magnitude as the elastic modulus to yield
stress ratio of the material. Therefore, for the analysis of the local buckling behavior of a
tube with a compliant core to be directly relevant to the performance of metallic shell-core
configurations, an understanding of the structure's elastic and plastic behavior is required.
Batterman (1965) used simple (J2) incremental theory and J2 deformation theory to study
the plastic buckling of cylindrical shells under axial compression, analytically and experi-
mentally. Ades (1957) and Gellin (1980) obtained the limit moment in the inelastic range
for infinitely long cylinders, taking account of prebuckling ovalization. Reddy (1979) per-
formed experimental investigation of the plastic buckling of cylindrical tubes subjected to
pure bending. The interaction between ovalization and bifurcation were performed by
Fabian (1977) in the elastic range, and by Gellin(1980) in the plastic range.
Karam and Gibson (1995) re-analyzed the elastic buckling of a thin, isotropic cylindri-
cal shell with a compliant elastic core to develop a simplified, more tractable analysis for
uniaxial compression buckling load, buckling ovalization of the cylinder, Brazier moment,
and pure bending buckling moment. They compared the buckling resistance of cylindrical
shells with a compliant core to that of the hollow shells of equal mass, and concluded that
the thin-walled, cylinders may be efficiently strengthened against local buckling by a com-
pliant core. Their results have been confirmed by experiments through the response of sil-
icone rubber shells with and without a compliant core, under uniaxial compression and
pure bending.
New processing techniques now allow fabrication of integral metal cylindrical shells
with porous metal cores (Walukas, 1992). Using an eutectic solidification process,
Dnepropetrovsk Metallurgical Institute (DMI) in Ukraine developed a method for produc-
ing porous metals (iron, copper, nickel, aluminum) with pore sizes ranging from 10 to
5mm, relative densities ranging from 0.3 to 0.9, and different pore shapes [Figure (1.1)].
The process also allows laminated structures with alternating solid and porous layers to be
produced. In particular, it is possible to fabricate a solid cylindrical shell with a porous
core with radially oriented pore, which makes using complaint cores to strengthened the
thin-walled hollow cylinder possible.
spherical pores ellipsoidal radial pores cylindrical axial pores
layered porous-monolithic pores
Figure 1.1: Various porous metals (Walukas, 1992)
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In this thesis, using Karam and Gibson's results, we have studied the minimum weight
design of isotropic cylindrical shells with an isotropic compliant core for elastic buckling
under combined axial compression and bending. For a given critical load, Pc, or Mcr,, and
a given ratio of the elastic moduli of the solid the core is made of to that of the shell, Es/E,
we find the values of the ratio of the shell radius to thickness, a/t, and of the core relative
density, pc/ps, which minimize the weight [Figure (1.2)]. We have also produced graphs
which allow identification of a/t and pc/ps for given loading configuration and critical
load. The graphs indicate region for which cylindrical shell with core has higher resistance
to local buckling than the equivalent hollow shell of equal mass and radius, and the core
acts as an elastic foundation for the shell when the shell buckles.
c Given: Pcr or M, E/E, p/p
Design: a/t, pc/ps
Figure 1.2: Thin-walled cylindrical shell with a compliant elastic core
Chapter 2
Literature Review
2.1 Thin-walled shell
2.1.1 Uniaxial compression
The critical elastic buckling stress of any assumed buckling mode of a thin-walled,
hollow, cylindrical shell is found by taking an infinitely small element out of the shell by
two pairs of adjacent planes normal to the mid surface of the shell and containing its prin-
cipal curvatures, and applying the following assumptions (Timoshenko and Gere, 1961):
1. The thickness of the shell, t, is much smaller than the radius, a.
2. Linear elements which are normal to the mid-surface of the shell remain straight
and become normal to the deformed mid-surface.
3. The radial displacement along the length of the shell in the buckled configuration is
given by w = -wsin(---) [Figure (2.1)].
I
Figure 2.1: Buckling of the shell (Timoshenko and Gere, 1961)
When buckling occurs, the total strain energy of the system includes the energy due to
axial compression, circumferential bending and longitudinal stretching of the shell. Equat-
ing the total strain energy to the work done by the compressive load as the cylinder short-
ens due to buckling, the buckling stress of a thin-walled hollow shell is found to be
_mQ_____U_____UII_1_111
EtYo  E(2.1)
aF3 (1 - v2)
2.1.2 Pure bending
The radial displacement is assumed to be small. The change of curvature in the longi-
tudinal direction is assumed to be negligible. The total strain energy during buckling
includes circumferential bending and longitudinal stretching. The bending moment is the
partial derivative of the total strain energy with respect to the curvature of the cross sec-
tion of the cylinder, M = au. Using material stress-strain relationship, a = Ee, elastic
beam theory, a My taking account of the ovalization of the circular cross section, and
noting that failure occurs when the external fibre stress in compression equals the buckling
load for uniaxial compression [Eqn.(2.1)], Calladine (1983) found that the local buckling
moment of a long, thin-walled, hollow shell is
0.939Eat2  (2.2)
2.2 Shell with a compliant elastic core
2.2.1 Uniaxial compression
For the shell with the compliant core, the core acts as a two-dimensional elastic foun-
dation stabilizing a longitudinal strip of the shell [Figure (2.2)].
m n
Figure 2.2: Thin-walled cylindrical shell with a compliant elastic core
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To calculate the elastic buckling stress of a thin isotropic cylindrical shell filled with
an isotropic elastic core, Karam and Gibson modified Timoshenko and Gere's results for
the symmetric deformation and axisymmetric buckling of a hollow cylindrical shell. For a
system shown in Figure (2.2), the radial displacement during buckling is assumed to be
w = wMsn•f- (2.3)
The core acts like an elastic foundation with spring constant, ke,, as (Allen, 1969)
2E, 1k,= 2Ec • (2.4)(3 -vc) (1 + vC) X
where X is the buckling wavelength, X = l/ (mt) . Therefore, the axial load per unit cir-
cumferential length of the cylinder, Nx, is
Et 3  1 Et 2EcX
x = 12(1-v2) .2 a2  (3 - v) (1+) (2.5)
aNTaking .- = 0 gives I at the minimum buckling load. Therefore, the value of X when
buckling occurs can be evaluated by solving
(%/t) 2  a(X/t) (a/t) 1 (alt)
(a/t) (3-vc) (1 +v) 12(1-v2) (,/t)2
where a is the ratio of the elastic modulus of the core to that of the shell, Ec/E, and v,, v
are the Poisson's ratio of the core and the shell, respectively. Figure (2.3) is a graph of a/t
versus %/t for selected values of a. Notice that the above curves may be approximated
using bilinear functions representing the equations for %/t for buckling of an empty cylin-
der and for wrinkling of a flat sheet on an elastic foundation. The intersection line of these
two equations may be approximated by ao.ss (alt) = 1.9 [Figure (2.4)]. This is a conserva-
· ·II___I__CUUI___IIIU__U__II
tive approximation because for given a/t and a, the bilinear functions give a larger 1/t
than the exact value solved using Eqn.(2.6), which in turn predict a smaller buckling resis-
tance.
10O
101
lo0
loo 101 102 10
Radius to thickness ratio, a/t (-)
Figure 2.3: The normalized axisymmetric buckling wavelength parameter
1/t for a cylindrical shell plotted against radius to thickness ratio a/t for
various values of Ec/E (Karam and Gibson, 1995).
I I (Ec/E)^(.65)*alt = 1.9
100
Sn - 5
10o  10 102o 10
Radius to thickness ratio, a/t (-)
101 102
a/t
Figure 2.4: Intersection line of the approximation functions for X/t.
Therefore, when -0.6s (a/t) < 1.9, X is given by the solution for the hollow shell,
-_ (a/t) 1/2
t (12(1-v 2 ))/4
..... ,, . ' ....... . .' ' ' " F ' . . ....
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When a0.65 (a/t) > 1.9, X is given by the solution for the wrinkling of a flat sheet on an elas-
tic foundation,
S((3 - vc) (1 + vc) 1/3 1/3
The critical buckling stress of the12 (1 - 2) a
The critical buckling stress of the shell, ac,, can be obtained as
NX=E (  1 1I
cr = - 12 (1 - v2) (1/t)2 +
The equation for ac, can also be expressed as
C Ef
oc a/"--t
(X/t) 2  1 a/t
f (a/t) 12(1-v 2 ) (X/t)2
(%/t) 2 2a (%/t)
(a/t)2 (3-Vc)(1+vc)
2a (1/t) (a/t)
(3-vc) (1 +vC)
The total uniaxial buckling load, P,,., is found by assuming that the core has to deform
along with the shell in compression prior to buckling, and neglecting any other interaction
prior to bucking.
Pcr= Pshell + Pcore
(deflection) shell= (deflection) core
(PL) (PLG
SEA shell -EA core
(EA) core
(EA) shell
Pco re
Pshell Ec 2at a 2t
.. Pcr = 2catgcr( 1 + •a
(2.8)
(2.9)
(2.10)
· __·__·1_1 ~1__1__~ ~ 111
(2.11)
2.2.2 Pure bending
Taking account of shell longitudinal stretching and core bending, shell circumferential
bending, core ovalization, and the Poisson's effect due to bending, the total strain energy
of the system is (Karam and Gibson, 1995)
2 C2E \t1 4+"a),' 2,8+,2
,,-,,-,\ 4ý -t 5
t '
v2
3 - 5v c(1 + vc) (1 - 2v) '
+ 7•E h202 + a4 opE2a2 + 6ocap'EC2a4Sa 4 16
(Vc) 2 (5 - 2vc)
(1 + Vc) (1 - 2vc)
C is the curvature of the cylinder, and ý is the ovalization as defined in Figure (2.5).
11111 )M
= 81a
undeformed (circular)
cross-section
deformed (oval)
cross-section
Figure 2.5: Ovalization of a cylindrical shell in pure bending
(Karam and Gibson, 1995)
For a given curvature, the ovalization which gives the minimum strain energy is obtained
by setting 2 term,by setting a = 0. Neglecting the 2 ter ,
(2.13)+4 + aa3-)
5 th2)
By substituting Eqn.(2.13) into Eqn.(2.12), and taking M =a, the local buckling
with
(2.12)
.( v
moment is
b = Eat2, IMb = -- V2
ac3'a8 t
aa,1+--4t
2af3a3 1/2
3th2 ) (2.14)
Following Calladine's analysis for an empty cylindrical shell [Figure (2.6)], the typical
cross-section deformation is
w = arcos (20)
y,v
z,w
x,u
a
Figure 2.6: Deformation of the cross-section of an empty cylinder
The change of curvature of the cross section from circular to oval shape is
2
awAK w
ay2
= - cos (20)
a2 a
The curvature of the circular section is constant, and is 1/a. The curvature of the oval
shape at 0 = ni/2, where the maximum stress occurs, is
1 1-3(K = -+AK =
a a
Therefore, the radius of the oval shape, a', at 0 = n/2 is
a, 1 a
K 1-3ý
Using the classical buckling stress equation for a circular tube [Eqn.(2.1)], the maximum
buckling stress of an ovalized tube is
4t
Omax = Et = cr(1 - 3ý) (2.15)
a'P3 (1 -Iv 2)
with ocr given as Eqn.(2.9) for axisymmetric buckling under uniaxial compression. Linear
elastic beam theory gives,
omax = ECa (1 - ) (2.16)
Therefore, combining Eqn.(2.13) with Eqn.(2.15) and (2.16), the ovalization of the cylin-
der under pure bending when buckling occurs may be evaluated using
1+--(1 ) fl -- V2( a32 4 t (2.17)
2.2.3 Combined axial compression and bending
The load at any section of the core can be replaced by an axial load applied with an
eccentricity, e, with respect to the axis of the cylinder, with M=Pe. The combined stress of
axial compression and bending should equal the maximum stress for axisymmetric buck-
ling in Eqn.(2.15).
Stress due to axial compression,
P
2xnat(1 + •a
Stress due to bending,
a My _ (Pe) a(1 - )
T Ia3t{1+-)(1-3+ 52
Total stress,
a +G b Ocr (1 - 3ý)
Therefore, the critical load for combined axial compression and bending is
Et(1-3 )f,
Pc, a1(2.18)cr ea (1 - ) + 12
na t 1 - 3 1+4 27at 1+2 X 4t) _t
Elastic beam theory requires that
M Pe
El ExaSt( 1 + )(1 _ + •2)
Substituting curvature, C, of this equation into Eqn.(2.13), the ovalization of the cylinder
when buckling occurs is
3(  2  Pe2 1 (2.19)
= UtEath a(14aa 1 2c3a 3I (2.19)
4,t ) 3th2
2.2.4 Stress decay
The stresses developed in the core are maximum at the interface between the shell and
the core, and decay towards the center of the core. Using the solution for a buckled flat
strip supported by an elastic half-space from Allen (1969), Karam and Gibson observed
that the stresses decay to about 5% of their maximum value at the distance 5X from the
interface towards the center of the core. Core material more than 5% away from the inter-
face does not resist any load and can be removed without reducing the axisymmetric buck-
ling stress in uniaxial compression or the local buckling stress in bending. Letting the core
thickness, c, equal 5X, the thickness of the empty shell teq of equal mass is
teq = t(1+55• 1 - 2.5 (It)) (2.20)
The performance of a thin-walled cylindrical shell with a compliant elastic core can be
evaluated by comparing its buckling resistance to that of an empty shell of equal diameter
and mass. For c = 5X,
Pc,Peq
eq
Mlb
eq
f(1+5a-(1- 2.5 (a/t)
(1+ - 2.5 (t)
3(1- v2) pt (a/t)
25a)( O. 119a (X/t)
t• 1 + 1.25a (X/t)
5Pc x(0.312(1 + ~- 1p t -2.5 _ (a/t)
(1 - 3()f1
(1 -)
(2.21)
(2.22)
with v = vc = 0.3, and given as
1 + 8.74
4 t5 )
((1-3t) a)2 - (%/t) 1/2t t (a/t)
and,
(2.23)r
Chapter 3
Analysis
3.1 Corrections for Karam and Gibson's (1995) publication
We have detected several errors in Karam and Gibson's analysis. We believe that the Pois-
son's effect of the core due to bending, c3ap'EC2a4, should not be included in total strain
energy. Karam and Gibson derived the expression by calculating the radial and circumfer-
ential strains that would be induced in a beam of circular cross section deforming freely in
pure bending, and then calculating the strain energy required to maintain the circular cross
section. We feel that if the cross section remains circular, there will be no deformation; the
assumed strain is zero; therefore strain energy, which is the integration of stress over
strain, will be zero also.
For a cylindrical shell with a completely filled core, the ovalization which gives the
minimum strain energy, with or with out the 76CaP'EC2a4 term, is still
16
2 = C2 (3.1)
h2 (+1 2+a3 2)
Eliminating the Poisson's effect of the core from the strain energy equation [Eqn.(2.12)],
taking M = , substituting Eqn.(3.1) for curvature, C, the local buckling moment isac
Ib = Enat2_ 1 -2 1+ 1+/(+ 1 (3.2)
Linear elastic beam theory confirms our speculation. The curvature of the cylinder is
C = - (3.3)E1
with
I = na3t 1+-4) 1-r+ 2
I is the moment of inertia of the cylinder's cross section taking account of the ovalization
(Calladine, 1983; Karam and Gibson, 1995). Combining Eqn.(3.3) with Eqn.(3.1), the
local buckling moment is
E7cat 2 ( 3 I+a)112(+ 2a3a3' 1/2M 1- +- 1Mlb2 4 3th2
which is identical to the bucking moment obtained earlier by taking the derivative of the
strain energy with respect to the curvature [Eqn.(3.2)].
Because the equation for local buckling moment is incorrect, the equation for compar-
ing the local buckling moment of the cylinder with c = 5X to the hollow cylinder of same
mass is wrong also [Eqn.(35) of Karam and Gibson (1995)]. The equation in the journal is
given as Eqn.(2.22) with v = vc = 0.3 and c = 5?, and the correct equation is
Mb = 1+4t(1- 1 - 5t 4t)) 1a- 2 )
( 1 - 3ý) f l5( a 2  (3.4)
eg 0.312(1+ 5 (1 - 2.5)/t (1-
We have found an algebraic mistake for the ovalization at which local buckling occurs
under pure bending with core thickness equal to 5X [Eqn.(28) in Karam and Gibson,
(1995)]. The correct expression, which will be explained later, should be
5a (//t) )4))1/2
A (1- ( Ji) - 4 t (a/t) (3.5)(1-3ý) I1+ 8.75()a ocX(2 - 5 ( 1/2)
St t (a/t)
In Karam and Gibson's paper, there is also a typographical error in the journal for
Eqn.(33), which is the equation for comparing the uniaxial buckling resistance of the cyl-
inder with a core thickness of 5X to the equivalent empty cylinder of the same mass and
radius. The equation in the journal is
P r f, I + t. c 1I- 2.5
Peq 0.605 1 + 5 ( 1 - 2.5 t"6 pt (a/ )
The correct equation is
Pcr _ +5a 1-.(at)(3.6)
eq 0.605(1 + 5 -•1 - 2.5
p t (a/t)
3.2 Weight equation
The weight per unit longitudinal length of the cylinder is
W = 2latp+2x (a- )cpc (3.7)
Karam and Gibson's (1995) analysis of stress decay of the core that acts like as a spring
foundation for the shell shows that core material more than 5s distance away from the
shell-core interface resists very little load, and thus can be removed without decreasing the
cylinder's strength. We have expressed the core thickness as c through out the analysis;
however, we believe it is reasonable to let the core thickness, c, be 5X, and exclude c as one
of the design variables; thus in the numerical analysis, the graphs that we have generated
is valid only for
c = 5X (3.8)
When a0.65 (a/t) < 1.9, the filled cylinder behaves just like an empty cylinder: the inclusion
of the compliant core does not help the shell to resist local buckling, and therefore should
·-- ·--~U·~--·II·IICIIl~·O-·~···NI--
not be included in the design in this case. Since our thesis is for filled cylinders, we impose
the requirement that a0.65 (a/t) > 1.9, and use Eqn.(2.8) for X, which is
S((3 -v) (1 +V") 1/3
t 12 (1 -v 2) (3.9)
For a foam or honeycomb core, the ratio of elastic modulus of the core to that of the
shell, Ec/E may be modeled as (Gibson, 1989)
a E = (P)2(Es) (foam)
a = = C2 )(E) (honeycomb)
E 2Ps E
where c1 and c2 are constants, usually equal to 1.0. Foam is an isotropic material; thus the
equation for a is accurate in any plane of the material. Honeycomb, however, is an aniso-
tropic material [Figure (3.1)]: in the out-of-plane direction, a may be modeled as the equa-
tion presented previously; in the in-plane direction, a = E = 3() ) Similar to
Karam and Gibson, we assume that both foam and honeycomb are isotropic materials for
simplicity, and use a of the out-of-plane direction for honeycomb.
in-plane
out-of-plane
Figure 3.1: Honeycomb structure
Normalizing w by pa2 gives
W = 2x + 2n 1-  IS
pa2  a ta p. 2ta)
which can be rearranged into a quadratic form for which a/t may be solved directly:
-W= 21 1 I + E cP) - C(E2 PC)( t)pa2 = tpa t p a
3.3 Spring-foundation buckling vs. shell-core-combined buckling
There are two different types of local buckling that can occur for shells with compliant
cores. The first type, which we call spring-foundation buckling, occurs when the core acts
as an elastic spring foundation resisting buckling of the shell [Figure (3.2)]. This happens
when the core is relatively soft compared to the shell, and/or when the core is relatively
thick compared to the shell wall thickness. The other type of buckling, which we call
shell-core-combined buckling, occurs when the core deforms sinusoidally along with the
shell as one unit. This happens when the core is about as stiff as the shell, or when the core
is relatively thin. We have investigated both types of buckling behavior.
(a) (b)
Figure 3.2: (a) Spring-foundation buckling;
(b) Shell-core-combined buckling
·-^-111_·~1-11~-~-··UI~·~ 1 111 1
3.4 Spring-foundation buckling
3.4.1 Uniaxial compression
Using Karam and Gibson's (1995) procedure for deriving the critical buckling load of
a completely filled cylinder [Eqn.(2.11)], (which assumes that the shell buckles sinusoi-
2Ec 1dally, the core has the spring constant of ke = (3 (1 + the core deforms along(3 - vc) (1 + vC) ý
with the shell before buckling, and there are no other interactions prior to buckling) the
uniaxial compression of a cylinder with core thickness, c, is
Per = 2atacr 1 + a 1 - t) (3.10)
Using Eqn.(2.6) and (2.8), f, may be simplified to
(a/t)
4 (1 - v2 ) (7/t) 2
Therefore, the critical buckling stress of the shell in Eqn.(2.9) becomes
cr =(3.12)cr  4 (1 - v2 ) ( /t) 2
Substituting Eqn.(3.12) into Eqn.(3.10), and normalizing Per by Ea2 gives
Pcr _ C1 c( c/tS1 l+ 1- (3.13)
Ea2  2(1-v 2 ) (a/t) (7/t)2 t 2-at)
Notice that if we substitute c = 5%, and Eqn.(2.8) for X, Eqn.(3.13) may be rearranged
Per
into a quadratic form where a/t may be solved for given E and a:Ea2
Pr 2 (1 - v2) = (P") 2/3 5 (D) 1/3a + 12.5) 2
Ea2 nal/3 )a +12 .5
12 (1 - v2 )
(1 + Vc) (3 - vc)
3.4.2 Pure bending
The total strain energy for the system modified for core of thickness c, with the Pois-
son's effect of the core eliminated, is (Karam and Gibson, 1995)
U = !C2Erca3t 4 Ii 1- (1 /t2 4 t ( alt)
+ n2Eýh0 2 + %xI3E 2a2( i
(3.14)
c/t)2)
alt)
We neglect the ý2 term for the rest of all derivations. For a given curvature, taking
_= 0 gives the ovalization which minimizes the strain energy. Thus,
Ca4F
h2 G
with
S 4a /t)
G= 1
32 Rh2( a...Et)'1
From linear elastic beam theory,
Mlb _ lbC =• - -
El Ena3tF I1-ý + 2
(3.16)
(3.15)
Substituting Eqn.(3.16) into Eqn.(3.15), the local buckling moment for a thin-walled cyl-
inder with core thickness of c becomes:
Mib -=EI 2 1( ý)Ar (3.17)
Combining Eqn.(2.15), (2.16), and (3.15), the buckling ovalization for pure bending is
=f1 Ij172 (31G5(1 -35)
3ý+ ý
.18)
Substituting v = vc = 0.3 into the equations for a, p and h, and let c = 5X, Eqn.(3.18) may
be simplified into Eqn.(3.5).
3.4.3 Combined axial compression and bending
The combined load at any section of the cylinder may be replaced by an axial load
with an eccentricity, e, with respect to the axis of the cylinder, with M = Pe. Local buck-
ling occurs when the total stress from axial compression and bending reaches the axisym-
metric buckling stress, taking section ovalization in consideration.
Stress due to bending,
My _ (Pe)a(1- )
I a~tF 1 - 8+ (2
Stress due to axial compression
P
a 2xatH
H = 1 +Ia 7 1- c•tt 2a/t)
E(1 -3 )Setting ab+ oa = ocr, (1 - 3 E)4 (1 -v 2) (X/t) 2
nEat (1-3ý)
p 4(1-v2) (X/t)2
cr (e/a) (1 - ý) + 1
F(1 _3) 2H
Linear elastic beam theory gives
C M Pe (3.20)
El Era3tF(1 -)
Combining Eqn.(3.20), (3.19) with Eqn.(3.15), the buckling ovalization for combined
axial compression and bending is
1 (1 - 3ý) (e( aF' 1/2
4(1-v 2) (X/t)2 aJ t/G 1/2
(e/a) (1 - ) +
2H
(3.21)
3.5 Shell-core-combined buckling
3.5.1 Derivation for the buckling stress
The shell stress for combined buckling can be derived by modifying Timoshenko and
Gere's (1961) results for the elastic buckling of a hollow cylinder (Karam and Gibson,
1995). The bending rigidity of the section and the thickness of the section are replaced
with the equivalent values of a transformed section [Figure (3.3)].
t t
Xc
Figure 3.3: Regular and transformed cross-section of a cylinder
with a core
The centroid of the core from the free surface of the core is
1 (a/t- 1/2 - 1/3 (c/t)
S a/t -1/2 -1/2(c/t)
For large a/t, d = Ic. For simplicity, let the centroid of the core from the free surface of
the core be d = •c. This simplification is conservative because it gives a slightly smaller
I
d
value of d, which in turn gives a smaller value of the transformed area and a smaller value
of moment of inertia. The moment of inertia for an unit circumferential length of the shell
and the core is [Figure (3.4)],
a3 C3 + t t+ Y)2+ ac( )2I= +t c+ -y o +oc Yo-
where yo is the centroid of the entire cross section measured from the free surface of the
core.
-b =Yo =
t
ac
T
Figure 3.4: Unit circumferential length of the transformed section
The equivalent bending rigidity is then
E a33 + t3 + +
-V2 1
The equivalent thickness of the cross section is
t' = t + ac
The generalized buckling stress is then
YO) + OC(Yo
........ ........ ....... ........ ........ .......
,_(a t 21c_
, ••J E R
acr i3 (1 -v2) a/t
R= ( 3 (c/t) 3 + 1+ 12(ct + 1/t+ yt)2+12a(c(c / t) (y/t-0.5c/t)2)
1/ 2
3.5.2 Uniaxial compression
(3.22)
Assuming t/2 is very small compare to a, the area of the transformed section is [Fig-
ure (3.3)],
AT = 2nat + 2n (a-c/2) ac
2xat( I + 1 c/t))t 2a/t))
= 2natH
Assuming that the core and the shell deform together, and there are no other interactions
between the core and the shell,
2xEt2
Pcr = ATGcr = RH
,F3 (1-v 2)
3.5.3 Pure bending
Moment of inertia of the transformed cross section is
I = r2dA = 'shell +core
(3.23)
If ac is small compare to (a - - ), and is small compare to a, moment of inertial of
the transformed section can be simplified to
I = 7a 3 tT
T = 1 + at(1- 2c/t3K 2a/t)
t C )3 t+ I \" zicaI~ t + IE(( a- -2 c+ a1 f(aC) 3)
The shell-core-combined buckling moment is
max I acr(1-3ý)ra3tT1- 
3
y 
a(1 
- )
Substituting the generalized buckling stress in Eqn.(3.22) for acr, and normalizing Mb, by
Ea3 gives
Mb _ (1 - 3) 1 -2 RT (3.24)
Ea3  J3(1-v 2) (a/t)2  (1-C)
The maximum stress in the shell is
E R
omax cr (1-3 3(1)2) (t) (1-3C) (3.25)
which is also
amax = ECa ( - )
Substituting the expression for c from Eqn.(3.15), the buckling ovalization for pure bend-
ing is
/ (I1- () R0-(1-3) 3=  (3.26)
3.5.4 Combined axial compression and bending
Similar to the spring-foundation buckling, any applied bending moment can be
replaced by an axial load with an eccentricity, e, with respect to the axis of the cylinder,
with M = Pe. The total stress, which is the sum of the stress due to axial compression and
the stress due to bending, shall not exceed the maximum stress as given in Eqn.(3.25).
Stress due to axial compression is
P
a 2atH
Stress due to bending is
My _ Pea(l -)
Total stress is
P e(1- ) 1
b3 + 2 = P e21catH1
Equating total stress to the maximum stress in Eqn.(3.25), the normalized critical buckling
resistance for combined axial compression and bending is
(I-3ý)R
Per F3 ( I - v2)
= (3.27)EH2Ea2 (e/a) (1- ) I
T1--r
From the linear elastic beam theory,
M Pe
El n - 3ta 
-1
Substituting Eqn.(3.27) for P, and Eqn.(3.15) for C, the buckling ovalization is
(e/a) RF 1/2
J3 = (3.28)
(e/a) (1- ) +ý 2HT 1 -( I32
3.6 Comparison of buckling resistance of thin-walled cylinder with and
without a compliant elastic core
The performance of a thin-wall cylinder with a compliant core may be investigated by
comparing its buckling load with an empty shell with equal mass and radius. The buckling
load of such an equivalent shell can be obtained by substituting teq for t of the buckling
load of an empty shell (Karam and Gibson, 1995).
The weight of a cylinder with a core is given as Eqn.(3.7), which is
W = 2natp + 2( a - )cp
The weight of the empty cylinder of the same mass and radius is
W = 2 nateqp
Equating the two expressions gives
teq = tp a/tKC = tK
cPc( c/tK=1+----I 1---
tp -2a/t)
Substituting c = 5X for the above equation gives Eqn.(2.20).
3.6.1 Uniaxial compression
The buckling load for an empty shell is
2nEt2Po = 2xtato 2E
J3 ( 1 - v2)
Substituting teq for t,
P- 2Et2 K 2  (3.29)
eq 3 (1 - 2)
Comparing Per of the spring-foundation buckling in Eqn.(3.13) with Peq,
(3.30)
Substituting v = 0.3 and c = 5% gives Eqn.(2.21), which is the same equation as Eqn.(32)
of Karam and Gibson's (1995) publication.
3.6.2 Pure bending
Substituting t with teq for the buckling moment of an empty shell in Eqn.(2.2), the
equivalent bending moment is
0.939Eat2
M V (K)2
eg 2J--
(3.31)
Comparing Mlb of the spring-foundation buckling in Eqn.(3.17) with Meq,
Mlb 0.298(K)2
Meq 0.298 (K) 2
(3.32)
with ý given as Eqn.(3.18). Substituting v = vc = 0.3 and c = 5X, and combining with
Eqn.(3.18), Eqn.(3.32) may be rearranged into Eqn.(3.4).
3.6.3 Combined axial compression and bending
Per of an empty shell under combined axial compression and bending is obtained as
follows:
stress due to axial compression,
P
a 2nat
stress due to bending,
= f, F3 0 V2)P-- (I p \ým /lk
b My -
I
(Pe) a(1 - )
314,l nat ý
total stress,
Ob + a = (Ycr(1-3C) 
= Et(1-3ý)
a3 (1 -v2)
xEt2
3 (1 -v2)(
= (e/a) (1-) 1(333)3- +
Substituting t with teq,
RcEt2
3 (1 - -v2 ) K
1-- ) 
2
The buckling ovalization for Peq is same as the buckling ovalization for Po of an empty
tube. For an empty tube,
r = C2 h2
M Pe
EI Ea 3Ena~t 1 -ýý
Combining the above two equations and substituting P with Po of Eqn.(3.33), the buckling
ovalization for the empty tube, under axial compression and bending, is
e/a (1 - 3 )3 
f123
(e/a) (1- ) +(1--
Notice that ý does not depend on either a/t or pc/p. When e/a is zero, the case of uniax-
3.( 
35)
ial compression, ý is zero. When e/a approaches infinity, the case of pure bending,
Eqn.(3.35) and Eqn.(3.34) reduce to the pure bending case.
PerIn the case of combined axial compression and bending, -- of the spring-foundation
eq
buckling may be determined by dividing Eqn.(3.19) by Eqn.(3.34) with the proper ý for
each equation.
3.7 Design graphs for elastic buckling of cylindrical shells
Design graphs indicating the region where cylinders with a compliant core have higher
elastic buckling strength than the hollow cylinders of equal mass have been produced
using Matlab software [Figure (3.5) to (3.24)]. In each case, the core acts like a spring
foundation for the shells, and v = vC = 0.3, c1 = c2 = 1.0, c = 5k.
3.7.1 Generation of the graphs
A hardcopy of the computer program written in Matlab has been included in the
Appendix. After the range of a/t and pi/p, ratios are chosen, X/t is calculated using
Eqn.(3.9). Depending on the loading configuration, Eqn.(3.13), Eqn.(3.17) or Eqn.(3.19)
is used to calculate the spring-foundation elastic buckling resistance [ (Per) spring-foundation],
Eqn.(3.23), Eqn.(3.24) or Eqn.(3.27) is used to determine the shell-core-combined elastic
buckling resistance [ (Pcr) shell-core-combined], and Eqn.(3.29), Eqn.(3.31) or Eqn.(3.34) is used
to compute the buckling resistance of a hollow shell of equal mass (Peq). Then, the follow-
ing requirements are applied to determine the boundary of the feasible region:
1) o.S65(t)> 1.9
2) (Pcr) spring-foundation < (Pcr) shell-core-combined
Per3) Cr > 1.0
eq
3.7.2 Example of how to use the graphs
Example: A thin-walled shell is filled with a foam core. Both the shell and the core are
made of the silicon rubber that Karam and Gibson (1995) used in their exper-
iments. The material has an elastic modulus, E, of 2.2 MPa, and a density, p,
of 1.17 Mg/m3. The Poisson's ratio of the shell, v, is 0.48, and of the core, v,,
is 0.32. The radius of the cylinder, a, is 10 cm. If the cylinder is under uniax-
ial compression of 220N, what is the wall thickness of the cylinder, t, the
density of the core, pc, the weight of the cylinder, W, and the thickness of the
core, c, which minimize the weight of the cylinder?
Solution: Pcr, 220 1.00x10-2
Ea2 2.2x106 (0.1) 2
From Figure (3.5), we get
- = 82, .*.t = - = 0.122cmt 82
Pc = 0.24, .'.pc = 0.24 x 1.17 = 0.281 Mg/m
3
PS
W= 0.23, .-.W = 0.23 x (1.17x10 3) x (0.1)2 = 2.69kg/m
pa2
To find the core thickness, we have
a = = c1C )( = 1.0 x (0.281)2 x 1.0 = 7.896x102
o=-E cps, E
.. c = 5X= 5t(3-v c)(1 +Vc) =8.793t = 1.07cm
12 (1 - V2) =
The weight of an empty cylinder made of the same material, with the same radius, and
supporting the same load is calculated as follows:
Po = 2cato =  2Et2  = 9.1x106t2P a 3 (I1 - v2)
.'.t 220 = 4.92x10 -3 m or 4.92 mm
9.1x106
The amount of weigh= 2atp = 2is, 0.1 x (4.92) x (.710) 3.62kg/
The amount of weight saving is,
2.691 - -= 25.7 %3.62
In practice, due to imperfections in the tube wall, local buckling occurs at loads less
than the theoretical predictions. Therefore t, pe, and w will all need to be larger than the
values computed previously.

FOAM, Es/E=1, Rhos/Rho=l
101 102  10,
alt, Uniaxial Compression
WI(pa2)
---------- PC/Ps
Figure 3.5: Uniaxial compression; the shell is made of the same material
as the foam core, E/E=1, p/p=1
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FOAM, Es/E=1, Rhos/Rho=l
101 102 103
a/t, Axial Compression and Bending with e/a =.01
Wl(pa2 )
.......... ------ p/ps
Figure 3.7: Combined axial compression and bending with e/a=O.01; the
shell is made of the same material as the foam core, EE= 1, p/p=l
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Aluminum Shell, Polyurethan FOAM core: Es/E=.0232, Rhos/Rhos=.444
102 103
alt, Uniaxial Compression
Wl(pa2)
---------- pe/Ps
Figure 3.8: Uniaxial compression; aluminum shell with polyurethan
foam core, E/E=0.0232, p/p=0.444
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Aluminum Shell, Polyurethan FOAM core: Es/E=.0232, Rhos/Rhos=.444
102 103 104
a/t, Pure Bending
W/(pa2)
---------- pc/Ps
Figure 3.9: Pure bending; aluminum shell with polyurethan foam core,
E/E=0.0232, p/p=0.444
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Aluminum Shell, Polyurethan FOAM core: Es/E=.0232, Rhos/Rhos=.444
102 103
a/t, Axial Compression and Bending with e/a =.01
WI(pa2)
---------- P Pe/ps
Figure 3.10: Combined axial compression and bending with e/a=0.01;
aluminum shell with polyurethan foam core, E/E=0.0232, p/p=0.444.
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Steel Shell, Aluminum FOAM core: Es/E=.345, Rhos/Rho=.346
101 10, 160
a/t, Uniaxial Compression
WI(pa2)
.......... pc/Ps
Figure 3.11: Uniaxial compression; steel shell with aluminum
foam core, E/E=0.345, p/p=0.346
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Steel Shell, Aluminum FOAM core: Es/E=.345, Rhos/Rho=.346
-A
101 102 10
a/t, Pure Bending
W/(pa 2)
.......... PC/Ps
Figure 3.12: Pure bending; steel shell with aluminum foam core,
E/E=0.345, p/p=0.34 6
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Steel Shell, Aluminum FOAM core: Es/E=.345, Rhos/Rho=.346
10' o10 10
a/t, Axial Compression and Bending with e/a =.01
WI(pa2)
.......... P eIPs
Figure 3.13: Combined axial compression and bending with e/a=0.01;
steel shell with aluminum foam core, E/E=0.345, p/p=0.346
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HONEYCOMB, Es/E=1, Rhos/Rho=l
102
a/t, Pure Bending
W/(pa2)
----------.......... Pc/Ps
Figure 3.15: Pure bending; the shell is made of the same material as
the honeycomb core, E/E= 1, p/p=1
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Figure 3.23: Uniaxial compression; comparing the performance of a cylin-
der supported by foam core with that of a hollow cylinder, E/E= 1, ps/p=1
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Chapter 4
Discussion
4.1 Design graphs
Figure (3.5) to Figure (3.24) shows that if there is no limitation for the ratio of a/t, denser
cores give lighter cylinders of equal buckling resistance. Therefore, for minimum weight
design, it is desirable to let the core be as dense as possible.
Figure (3.23) and Figure (3.24) compare the buckling resistance of a cylinder with a
compliant elastic core with that of an empty cylinder of equivalent mass and radius,
Pcr/Peq, under uniaxial compression. We see that Pcr/Peq increases with increasing pc/ps.
However, as the density of the core increases, Ec/E increases also; the core thickness,
which we take it to be 5X in the numerical analysis, decreases. When the core reaches a
certain density, the failure mode switches from spring-foundation buckling to shell-core-
combined buckling. Therefore, for a/t ranging from 10 to 1000, maximum Pcr/Peq actu-
ally occurs when the core density is small. In the case of a cylinder whose shell and core
are made of the same material, with a foam core [Figure (3.23)], maximum PcrPeq for
uniaxial compression is 5.4, and occurs at a/t = 850, pc/ps = 0.08 ; and with a honeycomb
core [Figure (3.24)], maximum Pcr/Peq for uniaxial compression is 21, and occurs at
a/t = 550, p/ps, 0.01.
From the graphs, we also see that honeycomb cores are more efficient in resisting local
buckling than foam cores. However, it is important to keep in mind that honeycomb is not
an isotropic material, and that the assumption applied in the analysis for the purpose of
simplicity gives non-conservative predictions of the buckling strength of the cylinder with
a honeycomb core. If the honeycomb core is modeled as an anisotropic material with the
correct density elastic modulus relation as discussed in Sec3.2, the elastic buckling
strength of the cylinder will not be as high as Figure (3.14) to (3.22) indicates.
4.2 Role of imperfections in elastic local buckling
Cylindrical shells have structural applications in various fields of engineering. In the con-
struction of all kinds of spacecraft, the idea of a thin but strong shell has been used from
the beginning. In the construction of the Forth railway bridge in 1889, steel plates were
riveted together to form reinforced tubes as large as 12 feet in diameter, and having a a/t
ratio of between 60 and 180, according to function (Calladine, 1983). Thin-walled shells
loaded in compression are difficult to design because they are prone to local buckling with
measured buckling loads significantly below the ones predicted by linear theory.
Cylinders under axial compression may have different buckling behaviors, depending
on their ratios of length to radius and radius to wall-thickness. Very short cylinders with
large diameters behave like plates and buckle into a single half sine wave in the axial
direction and no waves in the circumferential direction. Very long cylinders with small
diameters buckle like Euler columns with no distortion in the circumferential cross-sec-
tion. Moderately long cylinders fail by local buckling with their surface buckles into a
series of diamond-shaped dimples. When local buckling occurs, failure loads as low as
20% of the critical load obtained using linear theory have been observed in experiments
(Chajes, 1985; Kenny, 1984).
Initial imperfection sensitivity of the cylinders causes this discrepancy between linear
theory and actual failure (Donnell and Wan, 1950; Budiansky and Hutchinson, 1966). The
imperfections can be from geometric or material defects. Tennyson (1964) manufactured
near perfect shells and thus minimized the effect of initial imperfections; his experimental
buckling loads were close to those predicted by linear theory.
There are many different types of deviations from the ideal geometrical shape of the
cylinders. To name a few: out-of-straightness (even carefully made laboratory specimens
are characterized by imperfections as high as 0.18% of the length), local deviations from
the circular shape, variation in wall thickness, eccentricities introduced by the misalign-
ment (during the fabrication process of long columns by welding together a number of
short cylinders or "cans"). Manufacturing processes affect the type and magnitude of
imperfections that are present. For instance, fabricated steel tubular members, commonly
used in offshore structures, contain imperfections and welding residual stresses that are far
more complicated than those in manufactured hot-rolled members (Kenny, 1984). Tenny-
son (1976) found that an asymmetric distribution of shape imperfections were far more
severe in load reduction than an axisymmetric distribution. Normally, these imperfections
have tolerance specifications in design codes.
Currently, stringers or ring-stiffeners or a combination of both are used to strengthen
shells against local buckling. Experimental results indicate that stiffened shells have criti-
cal loads much closer to the linear critical values and are less sensitive to imperfections
than those of non-stiffened shells (Kollar and Dulacska, 1984). Ring-stiffened shells, with
and without shape imperfections, are substantially less efficient than equivalent weight
non-stiffened shells for axial compression, but considerably stronger for hydrostatic pres-
sure (Tennyson, 1976). Stringers are more effective than ring stiffeners in increasing the
strength of axially compressed cylinders, with external stringers being more effective than
the internal ones (Singer et al., 1967; Hutchinson and Amazigo, 1967).
It is important to choose carefully the reinforcement parameters to ensure that the
buckling efficiency of the stiffened shells exceeds that for equivalent weight non-stiffened
shells (Kollar and Dulacska, 1984). If the distance between the stringers is greater than the
buckling length of the non-stiffened shell, the cylinder will buckle at the same stress as if
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the shell were non-stiffened. If the distance between the stringers allows a circumferential
wave number that is prevented on the complete cylinder by the circumferential continuity,
cylinders under lateral pressure may buckle at a load smaller than that of an non-stiffened
cylinder. Except in aircraft design, common engineering structures generally do not want
the shell between stiffeners to buckle under service loads. The stiffeners are practically
effective only if they are closely spaced.
The design criteria for thin-walled cylindrical shells is semi-empirical and is obtained
by taking the critical load of the elastic, initially perfect shell and modifying this relation
by employing safety factors based on experimental results to account for initial imperfec-
tions and inelastic behavior. AISI (1968) specifications rely almost entirely on empirical
data; others such as ASME and ECCS (1981) specifications, combine both theory and
experimental results (Chajes, 1985).
Both longitudinally and circumferentially reinforced shells indicate that the closer the
stiffeners (also known as ribs) are spaced, the less sensitive to imperfections the shells are.
Therefore, it is logical to extrapolate that the "core-reinforced" shells will be less sensitive
to imperfections than rib-reinforced ones, for the core acts like infinitely thin ribs that are
closely spaced. With the safety factors, the designed strength of rib-stiffened cylinders is
30-40% of the theoretical prediction. In comparison, cylinders with compliant cores
achieve close to 100% of their theoretical strength with high Ec/E and a/t ratios (Karam
and Gibson, 1995). The difference in imperfection sensitivity, hence the safety factors,
further increase the design strength of the cylinder with a compliant core.
4.3 Limitation of the analysis
One of the possible failing modes for the shell, other than local buckling, is yielding. In
order for the shell to buckle elastically, the stress in the shell has to be less than the yield-
ing stress, o,.
4.3.1 Uniaxial compression
For the case of empty cylinders under uniaxial compression, by assigning stress in the
shell given as in Eqn.(2.1) to be less than ay, we get
aE 1
t a(y J3 (1 _ V2)
For empty metal cylinders, where v = 0.3, and E = 103, we see that elastic local buckling
occurs when a/t is greater than 605.
Now, consider the cylinder filled with a core with thickness of 5X. The stress in the
shell [Eqn.(3.12)] has to be less than a,. Substituting Eqn.(3.9) for X,
Ec < 2(3 - v) (1 + vC) J1_V2~ 3/2(4.1)"E 2<' (4.1)E 3 E
Again for metals, where v vC = 0.3 and ' -10- 3 , Ec/E has to be less than 7.06xI0-'
which is almost equivalent to zero. This means the shell supported by a core will yield,
rather than buckle. If the measured buckling loads is 1/3 of the ones predicted by linear
theory, then the transition between elastic local buckling and plastic yielding for uniaxial
compression is:
1 (1/3)E <
nme3asured - • cr 4(1 -v 2 ) (X/t)2 <0
Substituting Eqn.(3.9) for X,
Ec 2 (3 - v) (1 + vc),i( ( 3/2
E < 3 _((1/3) E
For v- vc -0.3 and = 10-3, Ec/E has to be less than 3.67x10-4 , which is still a very small
number. For both empty and filled cylinders, it is clear that understanding of the plastic
behavior of thin-walled shells is required for materials with high E value in order to
lay
accurately model the failure mechanism
4.3.2 Pure bending
For an empty cylinder,
Et
a E3 ((I- V2)0 y > 0 max = ao ( 1 - 3 ) ( 1 -v ) 3)
a E (1-3)(4.2)S(4.2)
t yj3 (1-_V 2 )
The total strain energy of an empty cylinder under pure bending is (Calladine, 1983),
U = C2E1a3t( 1- ++ 3~2) + th2
au 5Taking = , and neglecting the 82 term,
C = 2
Substituting this expression for c into Eqn.(2.16), equating Eqn.(2.15) to Eqn.(2.16), and
substituting ao of Eqn.(2.1) for ocr of an empty cylinder, the buckling ovalization is
ý1I2(1- ) _ 1
(1-3 3ý) 7
which gives 0 = .1453. Substituting this value of ý into Eqn.(4.2),
a 0.564 E
t J/3(1-V 2) Gy
For metals, where v = 0.3, and E = 103, the minimum value of a/t is 340 in order for the
tube to buckle elastically. By including a compliant core to the tube, minimum a/t ratio
will be greater than 340. Similar to the case of uniaxial compression, for materials with
large - value, understanding of the plastic behavior of the cylinder is required to better
model the failure mechanisms.
All of the graphs generated have not taking yielding of the shell and/or the core in con-
sideration. Therefore, whenever a/t and pc/p, is chosen for a given load from the graphs,
it is important to check that yielding of the shell does not govern, that the buckling resis-
tance of the cylinder is indeed the value indicated on the graphs.
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Chapter 5
Conclusion
Thin-walled cylindrical shells are prevalent in engineering fields, whenever a strong and
light-weight structure is desired. The problem with thin-walled cylinders is local buckling,
which can cause them to collapse catastrophically. Currently, longitudinal and circumfer-
ential stiffeners are used to strengthen the shells. Recent studies by Karam and Gibson
(1995) showed that elastic shells can be very effectively strengthened against local buck-
ling by including a compliant elastic core. This thesis uses Karam and Gibson's research
results to perform minimum weight design, limits the core thickness to five times the
buckling wavelength, 5%, applies numerical analysis, and concludes that:
1) Shell-core configuration is a very promising way to achieve high strength,
light-weight cylinders. For a shell and the core made of the same material,
depending on the a/t and p,/p, ratios, a cylinder under uniaxial compression
with a foam core can be as much as five times, and with a honeycomb core can
be as much as twenty times, stronger than the hollow shell of equal mass [Fig-
ure (3.23) and Figure (3.24)].
2) Denser core gives higher buckling resistance [Figure (3.5) to (3.22)], and larger
Pcr/Peq ratio [Figure (3.23) and (3.24)]; thus with the same buckling resis-
tance, denser core provides lighter weight. For light-weight design, if there is
no limit for a/t ratio, the core density should be as large as possible.
3) Inelastic behavior of shell-core structural configuration should be examined.
The above conclusions assume that the cylinder will behave elastically. Thus,
yielding of either the shell or the core have not considered. If the plastic behav-
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ior were to take into consideration, the increase of the buckling strength may
not be as large as predicted by linear elastic theory.
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Appendix A
Numerical Analysis
A.1 Matlab files used for numerical analysis
<control.m> is the user control file for variable specifications.
<density.m> plots the density contours.
<weight.m> plots the weight contours.
<calc_oval.m> calculates the buckling ovalization of the cylinder.
<calc_var.m> calculates variables such as V/t, c/t, a and 13.
<calc_ps.m> calculates the critical loads for spring-foundation buckling, shell-
core-combined buckling, and buckling of the hollow shell of equal mass.
<limits.m> applies the assumptions and limitations of the analysis.
<label.m> labels title, x-axis and y-axis of the graphs.
A.2 Input data in <control.m>
imagtolerance Computer precision limits exact solution; thus real numbers can some-
times appear to be a complex number with a very small imaginary
value. If the imaginary/real ratio of the complex number is less than
this variable, the complex number is considered real.
core_mat Type of cellular material the core is made of.
1= foam
2= honeycomb
plot_mode The y-axis value of the graph generated.
1= Normalized critical load for spring-foundation buckling, Pc, / (Ea2 ) .
2= Normalized critical load for shell-core-combined buckling,
(Pcr) cb/ (Ea 2)
3= Compare spring-foundation buckling strength to the strength of a
hollow cylinder of equal mass, Pcr/Peq.
4= Compare shell-core-combined buckling strength to the strength of a
hollow cylinder of equal mass, (Pcr) cb/Peq
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load_type
core_lambda
ea
vc, V
C 1, C2
EsE
rcrs
at
Type of loading the cylinder is under.
1= Uniaxial compression.
2= Pure bending.
3= Combination of axial compression and bending.
Ratio of the core thickness to the buckling wavelength, c/k.
Ratio of eccentricity of the applied load to radius of the cylinder, e/a.
Poisson's ratio of the core and the shell, respectively.
Constant coefficients relating density of the material to its elastic mod-
ulus. (Usually equal 1.0)
c1: foam.
c2 : honeycomb
Ratio of the elastic modulus of the solid the core is made of to that of
the shell, Es/E.
Ratio of the density of the core to the density of the solid the core is
made of, pc/ps.
Ratio of the cylinder's radius to its wall thickness, a/t. The radius is
measure to the mid-surface of the wall thickness.
A.3 Comments
The solid lines represent the normalized weight, w/ (pa2) , and the dotted lines repre-
sent the density ratio, p,/ps,
Current <control.m> has p,/ps ranging from 0.01 to 1.0, a/t ranging from 10 to 1000,
and w/ (pa 2) ranging from 0.01 to 1.0. If the values outside of this range is desired, just
modify the range specified in <control.m>.
The core thickness is currently set to 5X in <control.m>.
If additional comparison of the critical loads calculated is desired, <density.m> and
<weight.m> may be modified to plot the desired graphs.
A.4 Matlab files
A.4.1 <control.m>
% control file to plot contours for combined loading (axial + bending)
clear
core_mat= 1;
imagtolerance=le-5;
plot_mode=1;
load_type= 1;
core_lambda=5;
vc=.3;
v=.3;
cl=1.0;
c2=1.0;
ea=.01;
EsE=1;
rsr= 1;
%EsE=.0232;
%rsr=.444;
%EsE=.345;
%rsr=.346;
figure
loglog(0,0)
hold
% density ratio contours
rcrs=.01:.01:. 1;
at=lel:le0:le2;
density;
rcrs=.01:O1:.:11;
at=le2: lel:le3;
density;
rcrs=. 1:. 1:1;
at=lel: leO: le2;
density;
rcrs=.1:. 1:1;
at=le2: lel:le3;
density;
% normalized weight contours
W=.01:.01:.1;
rcrs=.01:.001:.1;
weight;
W=.01:.01:.1;
rcrs=.1:.1::1;
weight;
W=.l:.1:1;
rcrs=.01:.001:.1;
weight;
W=. 1:.1:1;
rcrs=.1:.01:1;
weight;
label
%title('Shell = Core (foam), Es/E=1, Rhos/Rho=1')
%title('Aluminum Shell, Polyurethane foam core. Es/E=.0232, Rhos/Rho=.444')
%title('Steel Shell, Aluminum foam core. Es/E=.345, Rhos/Rho=.346')
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A.4.2 <weight.m>
% plots the normalized weight contours for combined loading (axial + bending)
%if (EsE==.0232 & rsr==.444)
% W=W/10;
%end
% set matrices to be the same size
W_size = size(W);
rcrs_size = size(rcrs);
W = ones(rcrs_size)'*W;
rcrs = rcrs'*ones(W_size);
% calculate variables such as alpha, beta, lambdat, ct
calc_var;
% compute a/t for given density ratio and weight, rcrs and W respectively.
a = pi*(ct.A2).*rcrs*rsr;
b = 2*pi*(1+ct.*rcrs*rsr);
at= 2*a./(b-(b.^2-4*a.*W).^(.5));
keep = (abs(imag(at)./real(at)) < imagtolerance);
at = keep.*at;
at = real(at);
% calculate Pcr_sf, Peq, Pcrscc
calc_ps;
% applied design limitations and assumptions
limits;
% set matrices back to their original size
rcrs = (rcrs(:,1))';
W = (W(1,:));
% plotting
if plot_mode == 1
plotvalue = Pcr_sf;
elseif plot_mode == 2
plot-value = Pcr_scc;
elseif plotmode == 3
plotvalue = Pcr_sf./Peq;
elseif plot_mode == 4
plotLvalue = Pcr_scc./Peq;
end
if load_type == 2
plot_value = ea*plotvalue;
end
for kk= 1 :length(W)
loglog (at(:,kk),plot_value(:,kk),'-')
end
102
A.4.3 <density.m>
% plots the density ratio contours for combined loading (axial + bending)
% if (EsE==.0232 & rsr==.444)
% at=at* 10;
% end
% set matrices to same size
at_size = size(at);
rcrs_size = size(rcrs);
rcrs = rcrs'*ones(atsize);
at = ones(rcrs_size)'*at;
% calculate alpha, beta, lambdat, ct
calc_var;
% calculate Pcr_sf, Peq, and Pcr_scc
calc_ps;
% applied design limitations and assumptions
limits;
% set matrices back to their original size
rcrs=(rcrs(:,1))';
at=(at(1,:));
% plotting
if plot_mode == 1
plot_value = Pcr_sf;
elseif plot_mode == 2
plot_value = Pcrscc;
elseif plotmode == 3
plot_value = Pcrsf./Peq;
elseif plotmode == 4
plot_value = Pcrscc./Peq;
end
if loadtype == 2
plot_value = ea*plotvalue;
end
for kk= 1:length(rcrs)
loglog (at, plotvalue(kk,:), ':')
end
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A.4.4 <calc_var.m>
% calculate alpha, beta, labmdat, ct
if core_mat == 1
alpha = cl*EsE*rcrs.^2;
elseif core_mat == 2
alpha = c2*EsE*rcrs;
end
beta = (3-5*vc)/((l+vc)*(1-2*vc));
lambdat = ((3-vc)*(1+vc)/(12*(1-vA2))./alpha).^(1/3);
ct = core_lambda*lambdat;
A.4.5 <calc_ps.m>
% calculate the buckling load of spring-foundation buckling, shell-core-combined
% buckling, and equivalent weight hollow cylinder, Pcr_sf, Pcr_scc, and Peq,
% respectively.
if load_type == 1
ea = 0;
elseif load_type == 2
ea = le6;
end
% compute Pcr/(Ea^2) for spring-foundation buckling
F = 1+.25*alpha.*at.*(1-(1-ct./at).A4);
G = 1+2/3*beta*(1-vA2)*alpha.*(at.^3).*(1-(1-ct./at).^2);
H = 1+alpha.*ct.*(1-.5*ct./at);
kl = .25/sqrt(1-vA2)./(lambdat.A2).*(ea*at).*(F./G).^(1/2);
ao = ea+.75*F./H;
al = -3*kl./ao;
a2 = -(ea+.5*F./H)./ao;
a3 = kl./ao;
calcoval;
Pcr_sf = pi/(4*(1-vA2))*(1-3*zeta)./(lambdat.A2.*at)./(ea*( 1-zeta)./F./(1-1.5*zeta)+.5./H);
% compute Peq/(EaA2);
kl =0;
ao = ea+.75;
al = -ea*sqrt(3)/ao;
a2 = -(ea+.5)/ao;
a3 = ea/sqrt(3)/ao;
calc_oval;
K = 1+rsr*rcrs.*ct.*(1-.5*ct./at);
Peq = pi/sqrt(3*(1-v^2))*(1-3*zeta)*K.A2./(at.A2.*(ea*(1-zeta)./(1-1.5*zeta)+.5));
% compute Pcr/(Ea^2) for shell-core-combined buckling
yot = 2/3*((at+.5).^3-(at-ct-.5).^3)./((at+.5).^2-(at-ct-.5).^2)-(at-ct-.5);
ao = alpha.*ct;
T = 1+ao.*(1-.5*ct./at).^3;
S = 1+ao.*(1-.5*ct./at);
R = ((ao.^3 +1 +12*(ct+.5-yot).A2 +12*ao.*(yot-ct/2).A2)./(l+ao)).^(.5);
kl = ea/sqrt(3)*R.*(F./G).( 1/2);
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k2 = .5*T./S;
ao = ea + 1.5*k2;
al = -3*kl./ao;
a2 = -(ea+k2)./ao;
a3 = kl./ao;
calc_oval;
Pcr_scc =pi/sqrt(3*(1-vA2))*R.*(1-3*zeta)./(at.^2)./...
(ea*( 1-zeta)./(T. *( 1-1.5 *zeta))+.5./S);
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A.4.6 <calc_oval.m>
% compute buckling ovalization, zeta (cubic roots)
Q = (3*a2-al.^2)/9;
R = 1/54*(9*al.*a2-27*a3-2*al.^3);
S = (R+(Q.A3+R.A2).A(1/2)).A( 1/3);
T = (R-(Q.A3+R.^2).^(1/2)).^(1/3);
xl= (S+T-1/3*al).^2;
x2= (-1/2*(S+T)-1/3*al+1/2*sqrt(-3)*(S-T)).^2;
x3= (-1/2*(S+T)- 1/3*al-1/2*sqrt(-3)*(S-T)).A2;
% choose the zeta which makes sense physically
keep = (xl<1/3 & xl>0);
xl = keep.*xl;
keep = (x2<1/3 & x2>0);
x2 = keep.*x2;
keep = (x3<1/3 & x3>0);
x3 = keep.*x3;
% filter out imaginary values
keep = (abs(imag(x 1l))./real(xl) < imagtolerance);
xl = keep.*xl;
keep = (abs(imag(x2))./real(x2) < imagtolerance);
x2 = keep.*x2;
keep = (abs(imag(x3))./real(x3) < imagtolerance);
x3 = keep.*x3;
zeta=xl+x2+x3;
zeta=real(zeta);
if (max(max(xl.*x2.*x3)) -=0)
sprintf('be careful, more than one value for ovalization.')
sprintf('max(max(zetal.*zeta2.*zeta3))= ')
max(max(x 1.*x2.*x3))
end
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A.4.7 <limits.m>
% apply design limitations and assumptions
keep = ((alpha.^(.65)).*at > 1.9);
Pcr_sf = keep.*Pcrsf;
Peq = keep.*Peq;
Pcr_scc = keep.*Pcrscc;
keep = (Pcr_sf > Peq);
Pcrsf = keep.*Pcr_sf;
tmp = Pcr_sf;
keep = (Pcr_sf < Pcrscc);
Pcr_sf = keep.*Pcr_sf;
keep = (Pcrsc < tmp);
Pcr_scc = keep.*Pcr_scc;
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A.4.8 <label.m>
% labels the title, x-axis and y-axis of the graphs
if coremat ==1
if (EsE ==1 & rsr ==1)
title ('FOAM, Es/E=1, Rhos/Rho=1')
elseif (EsE ==.0232 & rsr ==.444)
title ('Aluminum Shell, Polyurethan FOAM core: Es/E=.0232, Rhos/Rhos=.444')
elseif (EsE ==.345 & rsr ==.346)
title ('Steel Shell, Aluminum FOAM core: Es/E=.345, Rhos/Rho=.346')
else
title ('FOAM, Es/E= , Rhos/Rho=')
end
elseif coremat ==2
if (EsE ==1 & rsr ==1)
title ('HONEYCOMB, Es/E= 1, Rhos/Rho= 1')
elseif (EsE ==.0232 & rsr ==.444)
title ('Aluminum Shell, Polyurethan HONEYCOMB core: Es/E=.0232, Rhos/
Rhos=.444')
elseif (EsE ==.345 & rsr ==.346)
title ('Steel Shell, Aluminum HONEYCOMB core: Es/E=.345, Rhos/Rho=.346')
else
title ('HONEYCOMB, Es/E= , Rhos/Rho=')
end
end
if loadtype ==2
if plot mode == 1
ylabel('Mcr/(Ea ^ 3), Spring-Foundation Buckling')
elseif plot_mode ==2
ylabel('Mcr/(Ea^3), Shell-Core-Combined Buckling')
elseif plot_mode ==3
ylabel('Mcr/Meq, Spring-Foundation Buckling')
elseif plot_mode ==4
ylabel('Mcr/Meq, Shell-Core-Combined Buckling')
end
else
if plotmode ==1
ylabel('Pcr/(EaA2), Spring-Foundation Buckling')
elseif plot mode ==2
ylabel('Pcr/(Ea^2), Shell-Core-Combined Buckling')
elseif plot_mode ==3
ylabel('Pcr/Peq, Spring-Foundation Buckling')
elseif plot_mode ==4
ylabel('Pcr/Peq, Shell-Core-Combined Buckling')
end
end
if load_type ==1
xlabel('a/t, Uniaxial Compression')
elseif load_type ==2
xlabel('a/t, Pure Bending')
elseif load_type ==3
if ea==.01
xlabel('a/t, Axial Compression and Bending with e/a =.01')
else
xlabel('a/t, Axial Compression and Bending with e/a =')
end
end
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